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A B S T R A C T

When a soft elastic layer confined between two rigid substrates is subjected to tensile loads, the
stressed layer exhibits various modes of elastic instability that influence its mechanical response.
While previous studies have primarily focused on analyzing these instabilities under normal
tension, this study systematically investigates the impact of combined tension–torsion loading
on the emergence of fingering and fringe instabilities. Through a combination of theoretical,
experimental, and numerical analysis, we show that the application of torsion can tune the
mode of instabilities in elastic layers with moderate aspect ratios. We also demonstrate that
torsion controls the monotonicity of the stress–stretch relationship in elastic layers with large
aspect ratios. We construct a phase diagram that delineates the mode of instability and the
monotonicity of the stress–stretch curve in confined elastic layers as a function of the applied
torsion angle and the sample’s aspect ratio. This work not only provides mechanistic insights
into the role of torsion in stabilizing the response of confined elastic layers, but also offers a
valuable tool for designing soft yet tough adhesive systems capable of withstanding complex
mechanical loads.

. Introduction

Layers of soft elastic materials confined between two rigid substrates are prevalent in nature. Examples include shellfish adhering
o undersea rocks (Waite et al., 2005), barnacles attaching to ship decks (Vaccaro and Waite, 2001; Sun et al., 2004), and tendons
onnecting bones (Benjamin et al., 2006; Desmond et al., 2015). Beyond their natural occurrences, confined elastic layers are widely
sed in various engineering fields, with examples such as adhesives for tissues (Söntjens et al., 2006; Wang et al., 2022; Cui et al.,
020), joints for structures (Her and Chan, 2019; Osipov and Vermeir, 1996; Craik and Osipov, 1995), and coatings for materials (Liu
t al., 2021; Khutoryanskaya et al., 2010; Kaniewska et al., 2020). Recently, to harness the full potential of these confined elastic
ayers in medicine, robotics, and electronics, various hydrogel adhesives have been developed, achieving high interfacial toughness
hen adhered to a range of engineering substrates including glass, metals, and ceramics (Yuk et al., 2016; Bovone et al., 2021; Feng
t al., 2022). Such novel adhesives can undergo large elastic deformations before failure, and thus reveal new instabilities that are
ot well understood.

When a soft elastic layer confined between two rigid substrates is subjected to tensile loading, the stressed layer exhibits various
odes of instability that influence the layer’s mechanical response. For example, if the interface between the layer and the substrate
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is weak, the confined layer may partially detach from the substrate, leading to interface undulation (Chakrabarti and Chaudhury,
2013; Chaudhury et al., 2015), which can trigger adhesive failure of confined elastic layers. If the interface between the layer and
he substrate is strong, the initially axially-symmetric deformation can become geometrically unstable, leading to the formation of
ircumferential undulations that are referred to as fingering instability (Biggins et al., 2013; Lin et al., 2017) if it initiates at the

middle section of the layer, or as fringe instability (Lin et al., 2016) if it initiates near the confined fringes of the layer. Depending on
the mode of instability, the layer may exhibit monotonic or nonmonotonic stress versus stretch relationships. Notably, the initiation
and growth of both fingering and fringe instabilities are typically elastically reversible.

In practical applications, soft elastic layers confined between two rigid substrates are often subjected to torsion. For example,
issue adhesives and structural joints in real-world settings inevitably experience torsion due to complex loading conditions. In
xperimental characterizations, torsion is sometimes preferred over tension due to its ability to produce homogeneous shear
eformation with examples such as rheology (Wang et al., 2011). Additionally, since the shear deformation caused by torsion is

isochoric, torsion represents an ideal load for studying the viscoelasticity of hydrogels without the influences of poroelasticity (Hu
and Suo, 2012).

Studies on the impact of torsion on soft elastic cylinders capable of undergoing large deformations have primarily focused on
the Poynting effect (Small et al., 2024; Kanner and Horgan, 2008), surface delamination (Venkatadri et al., 2023), and adhesive
strength (Wang and Kornfield, 2012; Chateauminois et al., 2010) of confined elastic layers. In addition, previous studies show that
torsion can also induce elastic instabilities in confined elastic layers. For example, elastic layers with a large aspect ratio (such as
long cylindrical rods) exhibit a twisting instability, evolving from an initial kink to a knot (Gent and Hua, 2004). Conversely, elastic
layers with a small aspect ratio display a wrinkling instability on their lateral surface (Ciarletta and Destrade, 2014). Despite these
studies, the impacts of torsion on fringe and fingering instabilities in confined elastic layers have not been studied to date.

In this work, we focus on cylindrical confined layers of various aspect ratios, investigating how the simultaneous application of
ension and torsion influences fingering and fringe instabilities. Through a combination of theoretical, experimental, and numerical

analyses, we demonstrate that applying torsion can tune the mode of instability in elastic layers with moderate aspect ratios.
dditionally, torsion modulates the fingering behavior by controlling the monotonicity of the stress–stretch relationship in elastic

ayers with large aspect ratios. We further construct a phase diagram delineating the mode of instability and the monotonicity of the
stress–stretch curve in confined elastic layers as a function of torsion angle and aspect ratio. This work not only provides mechanistic
insights into the role of torsion in stabilizing the response of confined elastic layers, but also offers a valuable tool for designing
soft yet tough adhesive systems capable of withstanding complex mechanical loads.

The paper is structured as follows: Section 2 defines the dimensionless parameters that govern the key features of the instability
in this study. Sections 3 and 4 discuss the setup and results for the experiments and simulations, respectively. Section 5 presents the
derivation of the theoretical framework. Section 6 compares the experimental and theoretical results, with particular emphasis on
he effect of torsion on the monotonicity of the stress–stretch curves. In Section 7, a phase diagram is constructed to characterize

the mode of mechanical instabilities and the monotonicity of the stress–stretch curve in confined elastic layers with various aspect
ratios and torsion angles. Finally, Section 8 concludes the paper.

2. Physical and dimensionless parameters

As illustrated in Fig. 1, we consider cylindrical elastic layers with diameter 𝐷 and height 𝐻 in the undeformed (reference) state.
The radius of the sample in the undeformed state is 𝑅0 = 𝐷∕2, and the aspect ratio is defined as 𝑅0∕𝐻 . The cylindrical elastic layer
n the undeformed state occupies a region

0 ≤ 𝑅 ≤ 𝑅0, 0 ≤ 𝛩 ≤ 2𝜋 , −𝐻∕2 ≤ 𝑍 ≤ 𝐻∕2 (1)

The elastic layer is perfectly adhered to two rigid plates. The elastic layer is deformed by controlling the vertical and rotational
motion of one plate, while the other remains stationary. The vertical motion controls the current height ℎ and induces a tensile force
𝐹 ; meanwhile, the rotation controls the torsion angle 𝛼 and induces a torque 𝑇 . We define the applied nominal stress as 𝑆 = 𝐹∕𝜋 𝑅2

0,
and the applied stretch as 𝜆 = ℎ∕𝐻 . At the onset of instability, the applied nominal stress and stretch reach a critical value, denoted
y 𝑆𝑐 and 𝜆𝑐 , respectively. The nominal stress can be normalized by the shear modulus 𝜇 of the elastic layers, which was extracted

from the measured stress versus stretch curves in an experiment, as described in Appendix A.

3. Experimental setup and results

We developed a customized experimental setup to characterize the mode of instability and monotonicity of the stress–stretch
curve in confined hydrogel layers subjected to controlled tension and torsion (Ye and Lin, 2024). As schematically illustrated in
Fig. 2, the setup integrates a mechanical system for applying tension and torsion loads to hydrogel layers sandwiched between
unctionalized glass substrates, and an imaging system to capture their deformation and instabilities. Details of the hydrogel

fabrication are given in Appendix B. The hydrogel’s radius 𝑅0 varied from 12 to 18 mm, and its thickness 𝐻 was set as 3 mm,
resulting in an aspect ratio 𝑅0∕𝐻 ranging from 4 to 6. During a typical test, the bottom glass substrate was fixed, while the top
glass substrate was first rotated to a specified angle 𝛼 at a twisting rate of 5 degree/s, and then stretched to a specified height ℎ at
a stretching rate of 0.5 mm/s. The applied force 𝐹 was recorded by a load cell (LFT-25-1KG), and the deformation of the hydrogel
layer (top and side views) was captured by cameras. The nominal stress was calculated as 𝑆 = 𝐹∕(𝜋 𝑅2), while the applied stretch
0

2 
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Fig. 1. Schematics of deformation and instabilities in confined elastic layers under tension and torsion. (a) The cylindrical confined elastic layer between two
glass slides, subjected to tension and torsion, shown in the reference and current states. (b) The cylindrical coordinate system in the reference state.

Fig. 2. Schematic illustration of the experimental setup. The setup integrates a mechanical system for applying controlled tension and torsion loads to hydrogel
layers sandwiched between functionalized glass substrates, and an imaging system to capture their deformation and instabilities.

was identified by 𝜆 = ℎ∕𝐻 .
To examine the role of torsion, we first characterized the mechanical response of two hydrogel layers with an identical aspect

ratio of 𝑅0∕𝐻 = 4.8: one without torsion (𝛼 = 0◦) and the other with torsion (𝛼 = 40◦). We measured their nominal stress versus
stretch (𝑆 vs. 𝜆) curves under tension, while simultaneously recording the initiation and development of elastic instabilities from
both top and side views. For the hydrogel layer without torsion, the stress increases accordingly as the hydrogel layer is subjected
to tension (Fig. 3a). At a critical stretch of 𝜆𝑐 = 1.5, the lateral surface of the hydrogel layer begins to undulate (Fig. 3b), initiating
a fingering instability. As the stretch continues to increase, the layer displays a non-monotonic stress–stretch relationship peaking
at an approximate stretch of 1.7, which indicates an unstable first-order transition of the fingering instability. Beyond this peak, as
the stretch further increases, some of the developing fingers continue to grow, while others are suppressed. For the hydrogel layer
with torsion, the initiation and development of the fingering patterns under tension are similar to the hydrogel layer without torsion
(Fig. 3d). Interestingly, the hydrogel layer with torsion exhibits a monotonic stress–stretch relationship (Fig. 3c), suggesting that
torsion plays a role in stabilizing the fingering process. Additionally, a negative stress is observed at 𝜆 = 1 for the hydrogel layer
with torsion, which is attributed to the Poynting effect (Kanner and Horgan, 2008).
3 
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Fig. 3. Comparison between experimentally-observed mechanical responses of hydrogel layers (𝑅0∕𝐻 = 4.8) with and without torsion. (a) Normalized nominal
stress 𝑆∕𝜇 versus stretch 𝜆 of the hydrogel layer without torsion (𝛼 = 0◦) under tension. (b) Top and side views of the initiation and development of fingering
patterns in the hydrogel layer without torsion (𝛼 = 0◦) at various stretches. (c) Normalized nominal stress 𝑆∕𝜇 versus stretch 𝜆 of the hydrogel layer with torsion
(𝛼 = 40◦) under tension. (d) Top and side views of the initiation and development of fingering patterns in the hydrogel layer with torsion (𝛼 = 40◦) at various
stretches. The scale bars in (b) and (d) are 5 mm.

4. Numerical simulation

We performed finite element simulations using ABAQUS/Explicit to capture the deformation and instability of elastic layers with
various aspect ratios subjected to controlled tension and torsion. To focus on purely elastic behavior over a relatively short time
scale, we modeled the hydrogel as a neo-Hookean material, neglecting water diffusion. We set the ratio between bulk modulus and
shear modulus as 1000 to capture the incompressibility of the material. The element type was chosen as C3D8R, and the mesh
size was set as 1/10 of the smallest feature dimension for all samples to ensure simulation accuracy. Additionally, a mass scaling
technique was employed to obtain results with a reasonable computation time.

We started with simulations of two hydrogel layers with the same aspect ratio as the experiments (𝑅0∕𝐻 = 4.8): one without
torsion (𝛼 = 0◦) and the other with torsion (𝛼 = 40◦). The nominal stress–stretch curves from the simulations are shown in Figs. 4a
and 4c. Consistent with the experimental results (Fig. 3), the hydrogel layer without torsion experiences a non-monotonic stress–
stretch relationship with a critical stretch of 𝜆𝑐 = 1.5 at the initiation of the fingering instability (Figs. 4a and 4b). In contrast, the
hydrogel layer with torsion displays a monotonic stress–stretch relationship (Figs. 4c and 4d) with the same critical stretch of 𝜆𝑐 = 1.5
at the initiation of the fingering instability (Fig. 4d), validating the role of torsion in stabilizing the fingering process. Additionally,
the simulation shows a negative stress at 𝜆 = 1 for the hydrogel layer with torsion (Fig. 4c), consistent with the Poynting effect
observed in the experiments (Fig. 3c). Similar to the experimental observations, our simulations demonstrate that as the hydrogel
layer undergoes large deformations, some developing fingers continue to grow while others are suppressed.

According to existing studies (Lin et al., 2016, 2017), confined elastic layers subjected to tension can exhibit either fringe or
fingering instabilities, depending on the location where the instabilities initiate. This study focuses on fingering instabilities, but a
brief discussion of fringe instabilities in samples with low aspect ratios is given in Appendix C. It is shown that torsion can affect
the location along the sample’s height where the fringe instability initiates, and that torsion affects the aspect ratio at which the
fringe-to-fingering transition occurs. Torsion is shown to have no effect on the number of undulations in samples with either fringe
or fingering instabilities.

5. Theoretical analysis

The theoretical analysis developed next follows a similar approach to that in Lin et al. (2016). We restrict the analysis to the
response of incompressible hyperelastic samples up to the onset of the instability. We consider only axially symmetric deformations,
which is a valid approximation up to the first appearance of the undulating patterns, and we assume that the horizontal planes in
the samples remain horizontal upon deformation. As shown by Lin et al. (2016), this approach indeed reveals emergence of a peak
load and a non-monotonic stress–stretch curve for rectangular samples with width-to-height aspect ratios above 5.1, without the
application of torsion. Here, we extend the formulation to cylindrical samples and account for the transverse motion induced by
rotation of the top plate.
4 
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Fig. 4. Comparison between simulated mechanical responses of hydrogel layers (𝑅0∕𝐻 = 4.8) with and without torsion. (a) Normalized nominal stress 𝑆∕𝜇
versus stretch 𝜆 of the hydrogel layer without torsion (𝛼 = 0◦) under tension. (b) Top and side views of the initiation and development of fingering patterns in
the hydrogel layer without torsion (𝛼 = 0◦) at various stretches. (c) Normalized nominal stress 𝑆∕𝜇 versus stretch 𝜆 of the hydrogel layer with torsion (𝛼 = 40◦)
under tension. (d) Top and side views of the initiation and development of fingering patterns in the hydrogel layer with torsion (𝛼 = 40◦) at various stretches.
The color scales in (b) and (d) refer to von Mises stress.

5.1. Boundary conditions and kinematic assumptions

Returning to the problem setting in Fig. 1 with the reference coordinates (𝑅, 𝛩 , 𝑍) illustrated in Eq. (1) with the origin in the
center of the cylinder, we define the coordinates in the deformed configuration as the corresponding set (𝑟, 𝜃 , 𝑧). The perfect bonding
between the glass plates and the samples implies the displacement boundary conditions

𝑍 = +𝐻∕2 ∶ 𝑟 = 𝑅, 𝜃 = 𝛼 , 𝑧 = +ℎ∕2,
𝑍 = −𝐻∕2 ∶ 𝑟 = 𝑅, 𝜃 = 0, 𝑧 = −ℎ∕2, (2)

on the top and bottom surfaces, respectively. The lateral surface is considered to be stress-free.
Next, we employ two additional simplifying kinematic assumptions that are supported by observations from both the experiments

and the numerical simulations. First, we assume that radial lines in the horizontal planes remain radial upon deformation. When
this assumption is combined with the assumption that horizontal planes remain horizontal, we can simplify the equations so 𝑧 is
only a function of 𝑍, and the deformed radial coordinate 𝑟 is independent of 𝛩. Second, the rotation angle of the horizontal planes
is assumed to vary linearly along the 𝑍 coordinate. Considering these assumptions along with the boundary conditions in Eq. (2),
the deformed coordinates can be expressed as follows

𝑟 = 𝑔(𝑅, 𝑍), 𝜃 = 𝛩 + 𝛼
( 1
2
+ 𝑍

𝐻

)

, 𝑧 = 𝑓 (𝑍), (3)

where 𝑓 and 𝑔 are arbitrary functions, and the deformation gradient can be written as

𝐅 =

⎡

⎢

⎢

⎢

⎣

𝜕 𝑔
𝜕 𝑅 0 𝜕 𝑔

𝜕 𝑍
0 𝑔

𝑅 𝑔 𝛼
𝐻

0 0 𝑓 ′

⎤

⎥

⎥

⎥

⎦

(4)

with the superimposed prime denoting differentiation, such that 𝑓 ′ = 𝑑 𝑓∕𝑑 𝑍.
Recalling that the incompressibility constraint implies that det (𝐅) = 1, we obtain a relationship that can be directly integrated

after separation of variables to write
𝜕 𝑔
𝜕 𝑅

𝑔
𝑅
𝑓 ′ = 1 → 𝑔 = 𝑅

√

𝑓 ′
(5)

where we have applied the condition that 𝑟 = 𝑔(0, 𝑍) = 0 from Eq. (2) to eliminate the integration constant.
This relationship allows us to eliminate 𝑔 and express the deformation gradient purely as a function of 𝑓 , 𝑍, and 𝑅, as

𝐅 =

⎡

⎢

⎢

⎢

⎢

⎢

1
√

𝑑 𝑓
𝑑 𝑍

0 −𝑅

2( 𝑑 𝑓𝑑 𝑍 )
3
2

𝑑2𝑓
𝑑 𝑍2

0 1
√

𝑑 𝑓
𝑑 𝑍

𝑅
√

𝑑 𝑓
𝑑 𝑍

𝛼
𝐻

𝜕 𝑓

⎤

⎥

⎥

⎥

⎥

⎥

(6)
⎣

0 0 𝜕 𝑍 ⎦
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With the above restrictions on the deformation field, and with the above dependence of 𝑔 on 𝑅 and 𝑓 ′, the boundary conditions
in Eq. (2) reduce to

𝑍 = +𝐻∕2 ∶ 𝑓 = +ℎ∕2, 𝑓 ′ = 1,
𝑍 = −𝐻∕2 ∶ 𝑓 = −ℎ∕2, 𝑓 ′ = 1, (7)

5.2. Constitutive response and governing equation

We represent the material response using the neo-Hookean elastic strain energy density, which can be written in the form

𝛹 =
𝜇
2

(

t r (𝐅𝐅T) − 3
)

(8)

The total elastic energy in the material system can thus be obtained by integration over the volume of the sample

 = ∭𝑉
𝛹d𝑉 =

𝜇
2 ∫

2𝜋

0 ∫

𝑅0

0 ∫

𝐻
2

−𝐻
2

{

1
𝑓 ′

[

2 +
(

𝑅
2
𝑓 ′′

𝑓 ′

)2
+
(𝑅𝛼
𝐻

)2
]

+ (𝑓 ′)2 − 3
}

𝑅d𝑍d𝑅d𝛩 (9)

where we have substituted the deformation gradient from Eq. (4), along with the relation from Eq. (5).
Performing the above integration with respect to 𝛩 and 𝑅, and transforming to the dimensionless coordinate 𝜁 = 𝑍∕𝐻 , with the

dimensionless function 𝑓 (𝜁 ) = 𝑓 (𝜁 𝐻)∕𝐻 , reads

 = 𝜋 𝜇 𝑅2
0 ∫

1∕2

−1∕2
(𝑓 ′, 𝑓 ′′)d𝜁 where  = 1

𝑓 ′

{

1 +
(

𝑅0
𝐻

)2
[

(

𝑓 ′′

4𝑓 ′

)2

+
(𝛼
2

)2
]}

+ 1
2
((𝑓 ′)2 − 3) (10)

which leaves us with an energy functional that depends on a single unknown function and its derivatives.
Within the confines of our kinematic assumptions, an equilibrium solution would minimize the total elastic energy in the system.

To find the function 𝑓 that minimizes the energy, we use the method of variations. The resulting differential equation takes the
general form

d
d𝜁

(

𝜕
𝜕𝑓 ′

)

= d2

d𝜁2

(

𝜕
𝜕𝑓 ′′

)

(11)

Substituting  from Eq. (10) in the above formula, we obtain after some simplification the fourth order nonlinear ordinary differential
quation

8(𝑓 ′)5𝑓 ′′ + 16(𝑓 ′)2𝑓 ′′ +
(

𝑅0
𝐻

)2
(

6𝑓 ′𝑓 ′′𝑓 ′′′ + 4𝛼2(𝑓 ′)2𝑓 ′′ − (𝑓 ′)2𝑓 ′′′′ − 6(𝑓 ′′)3
)

= 0 (12)

with the condition 𝑓 ′ ≠ 0. This governing equation can be solved for 𝑓 (𝑧) = 𝐻𝑓 (𝑧∕𝐻) using the boundary conditions in Eq. (7) to
determine the deformation of a sample with a given aspect ratio 𝑅0∕𝐻 , subjected to torsion angle 𝛼 and stretch 𝜆 = ℎ∕𝐻 . In this
work, we perform the integration using the MATLAB boundary value problem solver BVP5C.

5.3. Force–displacement relationship and meniscus shape

Once the function 𝑓 is obtained for a given set (ℎ, 𝑅0∕𝐻 , 𝛼), the total elastic energy in the system  = (ℎ, 𝑅0∕𝐻 , 𝛼) is found by
evaluating the integral in Eq. (10). We can then directly calculate the applied normal force and the corresponding nominal stress
using the same methodology as in Lin et al. (2016), to write

𝐹 (ℎ, 𝑅0∕𝐻 , 𝛼) = 𝜕
𝜕 ℎ where 𝑆 = 𝐹

𝜋 𝑅2
0

(13)

Another key result from the numerical integration is the shape of the meniscus. As the sample undergoes axial extension, the
side of the sample curves. The shape of the meniscus can be found directly from Eq. (5) as 𝑟0 = 𝑅0∕

√

𝑓 ′(𝑍). The effect of torsion
n the meniscus shape is discussed further in Appendix D.

In the next section we will show the results of this model and their comparison to the experimental and numerical results.

6. Results and discussion

In this section, we use the theory and experiments to investigate the normalized nominal stress (𝑆∕𝜇) versus stretch (𝜆) curves
of confined elastic layers with various aspect ratios 𝑅0∕𝐻 under tension and torsion angle 𝛼. We first focus on the stress–stretch
urves of elastic layers with different aspect ratios under tension without torsion (𝛼 = 0◦). As shown in Fig. 5b, our theory predicts

a monotonic stress–stretch relationship for elastic layers with small aspect ratios (e.g. 𝑅0∕𝐻 = 4). As the aspect ratio increases, the
nominal stress increases due to the volumetric confinement applied on the incompressible elastic layer (Lin et al., 2016). When the
aspect ratio reaches a critical threshold of 4.8, the stress–stretch relationship starts to exhibit a peak, resulting in a non-monotonic
stress–strain relationship. As the aspect ratio further increases, the peak stress increases, while the stretch corresponding to the peak
stress decreases. To validate our theoretical calculations, we measure the nominal stress versus stretch curves of confined hydrogel
layers with the same aspect ratios under tension without torsion. The nominal stress is normalized by the hydrogel layer’s modulus.
6 
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Fig. 5. Normalized nominal stress versus stretch curves from (a) experiment and (b) theory with no applied torsion, for samples with aspect ratios from 4 to 6.

Fig. 6. Normalized nominal stress versus stretch curves from (a) experiment and (b) theory with applied torsion angle 𝛼 = 50◦, for samples with aspect ratios
from 4 to 6.

As shown in Fig. 5a, a striking agreement is observed between our theoretical calculations and the experimental measurements.
The minimum aspect ratio at which a nonmonotonic curve appears in the theory is 4.8 compared to the value of ∼ 4.4 from the
experiment.

We next focus on the stress–stretch curves of elastic layers with different aspect ratios under tension with torsion (𝛼 = 50◦). As
shown in Fig. 6, in contrast to the elastic layers without torsion (𝛼 = 0◦) in Fig. 5, our theory and experiments produce negative
stress at 𝜆 = 1, capturing the Poynting effect. As the aspect ratio increases, the negative stress at 𝜆 = 1 increases accordingly,
suggesting that the Poynting effect becomes more pronounced in elastic layers with larger aspect ratios. Similar to the elastic layers
without torsion (𝛼 = 0◦), the stress–stretch curve exhibits a monotonic-to-nonmonotonic transition as the aspect ratio reaches a
critical threshold. However, the critical threshold increases to ∼ 5.2 in the experimental results and 5.8 in the theoretical results,
ndicating the role of torsion in tuning the stress–stretch curve monotonicity of these confined elastic layers. As shown in Fig. 6b,
ur theoretical trends agree with the experimental measurements.

Next, we examine the stress–stretch curves of elastic layers under tension with a fixed aspect ratio 𝑅0∕𝐻 = 4.8 but subjected to
different torsion angles. As shown in Fig. 7, the elastic layer under tension without torsion (𝛼 = 0◦) exhibits a nonmonotonic stress–
tretch relationship. As the torsion angle increases, the stress decreases, with a pronounced Poynting effect that manifests as negative
tress at 𝜆 = 1. The increase of torsion angle suppresses the peak in the stress–stretch curve and causes the curve to switch from

nonmonotonic to monotonic, indicating the role of torsion in modulating elastic instabilities. As shown in Fig. 7b, our theoretical
predictions match the experimental measurements, with a slight difference: the transition from monotonic to nonmonotonic occurs
between 0◦ and 20◦ for the theory, and between 20◦ and 40◦ for the experiment.

7. A phase diagram for instabilities

As the applied stretch on the confined elastic layers reaches a critical value, a mechanical instability sets in. Our theoretical
calculations and experimental measurements in Section 6 show that the torsion angle 𝛼 plays a critical role in tuning the
7 
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Fig. 7. Normalized nominal stress versus stretch curves from (a) experiment and (b) theory with aspect ratio 𝑅0∕𝐻 = 4.8 and varying torsion angles from 0◦ to
0◦.

monotonicity of the stress–stretch curves. Additionally, while the selection of the instability mode is predominantly governed by
the aspect ratio 𝑅0∕𝐻 of the elastic layer, our simulation results in Appendix C suggest that the application of torsion can tune
the location where the instability initiates, thereby modulating between fringe and fingering instabilities in confined elastic layers.
Therefore, we construct a phase diagram in the plane of torsion angle 𝛼 and aspect ratio 𝑅0∕𝐻 as a guideline to predict the mode
f instability and the monotonicity of the stress–stretch curve in the confined elastic layers.

For elastic layers with small aspect ratios, the fringe instability occurs. Since fringe patterns are always associated with monotonic
tress–stretch relationships, they are denoted as ‘‘stable’’. As the aspect ratio reaches a critical threshold (𝑅0∕𝐻)mode, the fringe

instability transitions to a fingering instability, indicated by the relocation of horizontal plane where instability initiates (see
Appendix C). For example, for elastic layers without torsion (𝛼 = 0◦), the critical aspect ratio for the transition from fringe instability
o fingering instability is 3.5 (Fig. 8). For an elastic layer with an aspect ratio slightly larger than this threshold, although the layer

exhibits a fingering transition, it still shows a monotonic stress–stretch relationship, indicating its stable nature. As the aspect ratio
further increases to the other critical threshold, (𝑅0∕𝐻)st abilit y (e.g. 4.5 for an elastic layer with 𝛼 = 0◦), the stress–stretch curve of the
layer transitions from a monotonic to nonmonotonic relationship. Note that we distinguish here between the geometric instability
and the performance of the cylinder as a component. Although in both cases the circumferential undulations (i.e. fingering) will
emerge, a non-monotonic stress–stretch response implies that in a load-controlled setting there exists a critical force beyond which
the cylinder will ‘snap’ to a new configuration. We refer to this as ‘unstable fingering’, while a monotonic transition is considered
‘stable fingering’.

We next use theory and simulation to investigate the role of torsion in selecting the mode and stress–stretch curve monotonicity
of the fringe and fingering patterns in confined elastic layers. As shown in Fig. 8, for elastic layers with small aspect ratios
(e.g. 𝑅0∕𝐻 = 1), the mode is always fringe instability regardless of the torsion angle. For elastic layers with a moderate aspect
ratio (e.g. 𝑅0∕𝐻 = 3), the mode shifts from fringe to stable fingering as the torsion angle increases. For elastic layers with a larger
spect ratio (e.g. 𝑅0∕𝐻 = 6), there is a transition from unstable to stable fingering as the torsion angle increases, demonstrating that
he instability is gradually suppressed. For elastic layers with a very high aspect ratio (e.g. 𝑅0∕𝐻 = 8), the transition from unstable
o stable status is not achieved until the torsion angle reaches 80◦.

8. Conclusions

In this paper, we performed a systematic study on the impact of torsional loading on the appearance of instabilities in a confined
lastic layer through combined experimental, simulation, and theoretical analysis. We constructed a phase diagram to quantitatively
redict the mode of fringe and fingering patterns, characterized by the location where the undulation initiates, and the monotonicity
f the stress–stretch curve. We demonstrate that applying torsion can tune between fringe and fingering modes in elastic layers with
oderate aspect ratios. Additionally, torsion controls the monotonicity of the stress–stretch relationship in elastic layers with large

spect ratios. Our phase diagram delineates the mode of instabilities and the monotonicity of stress–stretch curves in the confined
lastic layers as a function of torsion angle and cylinder aspect ratio.

This work not only provides mechanistic insights into the role of torsion in stabilizing the response of confined elastic layers,
but also offers a valuable tool for designing soft yet tough adhesive systems capable of withstanding complex mechanical loads.
Applying torsion to soft adhesives under tensile loads can suppress instabilities, transitioning from a non-monotonic to a monotonic
stretch–stress relationship. This suppression reduces stress concentrations and minimizes crack initiation, significantly enhancing
the adhesive’s fracture resistance and durability. Finally, this work is not without limitations; while the experimental samples used
in this work are well characterized by the neo-Hookean model, different materials that may be better characterized by different
hyperelastic models may reveal additional phenomena that are not captured by the present analysis. Consequently, exploring these
alternative models presents a promising avenue for future research.
8 
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Fig. 8. Phase diagram in the plane of torsion angle 𝛼 and aspect ratio 𝑅0∕𝐻 for predicting the mode of instability and monotonicity of the stress–stretch curve
in confined elastic layers. Green hollow circles denote the occurrence of the fringe instability in simulations; blue hollow circles denote the occurrence of stable
fingering patterns in simulations; blue solid circles denote the occurrence of stable fingering patterns in experiments; and red solid squares denote the occurrence
of unstable fingering patterns in experiments. The black dashed line represents the critical aspect ratio (𝑅0∕𝐻)mode identified by the simulation, which defines
the mode transition between fringe and fingering patterns. The black solid line represents the critical aspect ratio (𝑅0∕𝐻)st abilit y identified by the theory, which
defines the stability transition characterized by monotonic and non-monotonic stress–stretch relationships. The experimental results generally follow the stability
oundary from the theory, with slight discrepancies due to theoretical assumptions and experimental errors.
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Appendix A. Shear modulus characterization of the hydrogel samples

A pure shear test was conducted to obtain the shear modulus 𝜇 of the hydrogel samples. As shown in Fig. A.1, the experimental
esult curve was fitted to a neo-Hookean model. The shear modulus of the hydrogel material was found to be approximately 0.24 kPa.
9 
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Fig. A.1. Pure shear experimental result and theoretical fitting curve based on neo-Hookean model to obtain the shear modulus of the sample.

Fig. B.1. Schematic of the synthesis chemistry for fabricating the hydrogel layers and the surface chemistry for bonding the hydrogel layers to the glass substrates.

Appendix B. Fabrication of hydrogel samples

This appendix describes the process to produce the hydrogel samples discussed in the main text. We chose poly(acrylamide)
hydrogel (PAAm) as a model hyperelastic solid due to its negligible mechanical hysteresis and minimal rate dependence. To make
a PAAm hydrogel sample, we first prepared a 10 mL aqueous precursor solution by mixing 0.3 g acrylamide (AAm, Sigma-Aldrich
A8887) as the monomer, 0.6 mg N,N-methylenebisacrylamide (MBAA, Sigma-Aldrich 146072) as the crosslinker, 100 𝜇L 10 wt%
ammonium persulfate (APS, Sigma-Aldrich 248614) as the thermal initiator, 10 𝜇L N,N,N’,N’-tetramethylethylene-diamine (TEMED,
Sigma-Aldrich T7024-50M) as the accelerator, and 50 mg sodium alginate (Sigma-Aldrich A2033) as the viscosity booster. After
vigorous mixing, the precursor solution was degassed in a vacuum chamber. To achieve robust bonding between the hydrogel and
the glass substrates, we treated the glass substrates with 3-(trimethoxysilyl) propyl methacrylate (TMSPMA, Sigma-Aldrich 104884)
saline (Fig. B.1). In each 200 mL aqueous saline solution, we added 60 𝜇L acetic acid (Sigma A6283) and 800 𝜇L TMSPMA, stirring
for 3 h. Thereafter, the glass slides were soaked in the silane for 2 h, followed by drying with nitrogen flow. This treatment ensured
that the cured hydrogels bonded firmly to the glass slides without interfacial detachment.

Appendix C. Numerical simulations for fringe and fingering instabilities

This section describes the finite element models of fringe instabilities in samples with low aspect ratios, and contrasts them to
the fingering instabilities for higher aspect ratios. The fringe instability initiates at the fringe portion of the elastic layer, while the
fingering instability initiates at the middle portion of the elastic layer. One advantage of the simulation is its ability to identify
10 
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Fig. C.1. Effects of aspect ratio and torsion angle on the mode of elastic instabilities in simulated elastic layers. (a) Extraction of cross-sectional area at
various vertical locations 𝑍 of the elastic layer with 𝑅0∕𝐻 = 1 at the onset of instability in the simulation. By analyzing the undulating contour shape of each
cross-sectional area, we identify the corresponding amplitude 𝐴m at different vertical locations 𝑍. (b) Cross-sectional amplitude 𝐴m as a function of vertical
locations 𝑍 of the elastic layers with different aspect ratios at the onset of instability, subjected to the same torsion angle 𝛼 = 40◦. The amplitude peaks at
𝑍0 = 0.66 for the layer with 𝑅0∕𝐻 = 1 and at 𝑍0 = 0 for the layer with 𝑅0∕𝐻 = 4. (c) Cross-sectional amplitude 𝐴m as a function of vertical locations 𝑍 of the
elastic layer with 𝑅0∕𝐻 = 1 at the onset of instability, subjected to different torsion angles. The amplitude peaks at 𝑍0 = 0.76 when subjected to torsion 𝛼 = 20◦
and at 𝑍0 = 0.66 when subjected to torsion 𝛼 = 100◦. (d) The location 𝑍0 where instability initiates as a function of the elastic layer’s aspect ratio 𝑅0∕𝐻 under
different torsion angles. The critical aspect ratios corresponding to the transition between fingering and fringe instabilities are (𝑅0∕𝐻)mode = 3.5 for elastic layers
subjected to torsion angle 𝛼 = 20◦ and (𝑅0∕𝐻)mode = 3 for elastic layers subjected to torsion angle 𝛼 = 100◦.

the mode of elastic instabilities by locating the highest amplitude of the undulation at the onset of instability. Here, we take the
vertical location that yields the highest undulation amplitude 𝑍0 as the location where the instability initiates in the simulation. As
shown in Fig. C.1a, we extract the cross-sectional area at various vertical locations 𝑍 of the elastic layer at the onset of instability.
By analyzing the undulating contour shape of each cross-sectional area, we identify the corresponding amplitude 𝐴𝑚 at different
vertical locations 𝑍. We first plot the amplitude 𝐴𝑚 as a function of vertical locations 𝑍 for elastic layers with different aspect ratios
at a fixed torsion angle 𝛼 = 40◦. As shown in Fig. C.1b, for the elastic layer with large aspect ratio (i.e. 𝑅0∕𝐻 = 4), the highest
amplitude of the cross-sectional area is located at the middle portion of the layer, 𝑍0 = 0, suggesting its mode to be fingering
instability. In contrast, for the elastic layer with small aspect ratio (i.e., 𝑅0∕𝐻 = 1), the highest amplitude of the cross-sectional
area is located at the fringe portion of the layer, 𝑍0 = 0.65, suggesting its mode to be fringe instability. We also plot the amplitude
𝐴𝑚 as a function of vertical locations 𝑍 for the elastic layer with aspect ratio 𝑅0∕𝐻 = 1 under different torsion angles. As shown
in Fig. C.1c, the amplitude 𝐴𝑚 peaks at 𝑍0 = 0.76 when the elastic layer is subjected to torsion angle 𝛼 = 20◦, and at 𝑍0 = 0.66
when subjected to torsion angle 𝛼 = 100◦. This indicates the role of torsion in tuning the initiation location of fringe instabilities.
We further plot the initiation location of instabilities 𝑍0 as a function of elastic layers’ aspect ratio 𝑅0∕𝐻 . The elastic layer initiates
undulations at the layers’ fringe portions (i.e. 𝑍0 > 0), exhibiting fringe instabilities, for layers with small aspect ratios, while
initiating undulations at the layers’ middle portions (i.e. 𝑍0 = 0), exhibiting fingering instabilities, for layers with large aspect
ratios. There exhibits a critical aspect ratio (𝑅0∕𝐻)mode, which defines the transition between fringe and fingering instabilities. As
summarized in Fig. C.1d, the presence of torsion does not alter the trend of transition from fringe instability to fingering instability
as the aspect ratio increases. However, it decreases the critical aspect ratio (𝑅0∕𝐻)mode, suggesting the role of torsion in tuning the
mode of instabilities in confined elastic layers.
11 
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Fig. C.2. Effects of torsion angle on the undulation number of elastic instabilities in simulated elastic layers. (a) Cross-sectional area at the horizontal plane
𝑍0 where instability initiates in elastic layers with aspect ratio 𝑅0∕𝐻 = 2 under various torsion angles (𝛼 = 0, 50, 100◦). (b) Undulation number 𝜔 versus torsion
angle 𝛼 in elastic layers with an aspect ratio 𝑅0∕𝐻 = 2. (c) Cross-sectional area at the horizontal plane 𝑍0 where instability initiates in elastic layers with an
aspect ratio 𝑅0∕𝐻 = 8 under various torsion angles (𝛼 = 0, 50, 100◦). (d) Undulation number 𝜔 versus torsion angle 𝛼 in elastic layers with aspect ratio 𝑅0∕𝐻 = 8.

We further use simulations to investigate the role of torsion on the undulation number of instabilities in confined elastic layers —
in contrast to the experiments, the simulations show a more uniform initiation and development of fingering instabilities, allowing
for a more precise quantification of the undulation number. We specifically focus on layers with aspect ratio 𝑅0∕𝐻 = 2 (Figs. C.2a
and C.2b) and 𝑅0∕𝐻 = 8 (Figs. C.2c and C.2d). As shown in Fig. C.2b, the elastic layers with an aspect ratio 𝑅0∕𝐻 = 2 exhibit the
same undulation number of 8 under different torsion angles ranging from 0◦ to 100◦. Similarly, the elastic layers with an aspect
ratio 𝑅0∕𝐻 = 8 also exhibit torsion-independent undulation numbers around 20 (Fig. C.2d), indicating that the presence of torsion
does not impact the undulation number.

Appendix D. Meniscus profile

In addition to the main results of the effect of torsion on the monotonicity of the force–displacement curve, we also examined
the effect of torsion on the meniscus, the curved side profile of the cylindrical sample, when elongated to a given stretch ratio
𝜆. Since the experiments did not yield any obvious changes in the meniscus shape for cases with and without torsion, we present
results from the theory and FEA. A representative plot of the meniscus is shown in Fig. D.1, an aspect ratio 𝑅0∕𝐻 = 1.25, and an
axial stretch 𝜆 = 2. The meniscus shape is plotted on the horizontal axis, and the deformed (nondimensional) height coordinate
𝑧∕𝐻 is plotted on the vertical axis. The main figure is rescaled to demonstrate the slight differences between the meniscus shapes
with and without torsion, while an inset figure is drawn to scale to highlight the similarity of these curves (which concurs with the
lack of obvious meniscus changes in the experimental results). Solid lines denote the results from the theory, while individual dots
represent data points from the simulation (which adhere well to the theory results). As shown in Fig. D.1, the meniscus shape is
relatively resistant to change. Even if the torsion angle drastically increases to 100◦, the meniscus shape still tracks relatively well
with the curve obtained with no applied torsion. Therefore, we conclude that the shape of the meniscus depends only slightly on
the torsion angle 𝛼.

Data availability

Data will be made available on request.
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Fig. D.1. Meniscus profile in the plot of 𝑧∕𝐻 versus 𝜆𝑅 = 𝑟∕𝑅 with 𝛼 = 0◦ and 𝛼 = 100◦, aspect ratio 𝑅0∕𝐻 = 1.25, and axial stretch ratio 𝜆 = 2. The curved
lines represent the theoretical results, which match well with the FEA results (depicted as dots). In the main figure, the 𝑥-axis has been rescaled to highlight
the slight differences between the meniscus shapes with and without rotation. The inset figure shows the analytical results of the meniscus shape for both sides
of the sample with the same 𝛼, 𝜆, and 𝑅0∕𝐻 values as the main figure, with the axes scaled equally to demonstrate the similarity of the meniscus shapes with
and without torsion when drawn to scale.
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